A mathematical model is proposed and its analytical solution derived for the analysis of the geometrically and materially linear two-layer beams with different material and geometric characteristics of an individual layer. The model takes into account the effect of the transverse shear deformation on displacements in each layer. The analytical study is carried out to evaluate the influence of the transverse shear deformation on the static and kinematic quantities. We study a simply supported two-layer planar beam subjected to the uniformly distributed load. Parametric studies have been performed to investigate the influence of shear by varying material and geometric parameters, such as interlayer slip modulus (K), flexural-to-shear moduli ratios (E/G) and span-to-depth ratios (L/h). The 1 graduate student, University of Ljubljana, Faculty of Civil and Geodetic Engineering, Jamova 2, 1000 Ljubljana, Slovenia, email: sschnabl@fgg.uni-lj.si, tel. +386 1 4768 615, fax.
Introduction
Due to their economy of construction and high bearing capacity, layered systems are widely used to optimize the performance of components in structural engineering. Classic cases are steel-concrete composite beams in buildings and bridges, wood-concrete floor systems, coupled shear walls, concrete beams externally reinforced with laminates, sandwich beams, and many more. The behaviour of these structures largely depends on the type of the connection between the layers. Mechanical shear connectors are usually employed to provide a desired composite action. With the use of the rigid shear connectors, a full shear connection and, consequently, a full composite action between the individual components can be achieved. The result is that conventional principles of the solid beam analysis can be employed. Unfortunately, the rigid shear connectors can hardly be realized in practice. Therefore, most of shear connections result in only a partial composite action. As a result, an interlayer slip often develops; if it has a sufficient magnitude, it significantly effects the deformation and the stress distribution of the composite system.
The first appreciation of a composite construction probably originated from observations of highway bridges in service. After the experimental studies had indicated the absence of full composite interaction between the layers in composite beams, new theories were presented accounting for the slip between the layers. These early theories of incomplete or partial interaction between the layers of a composite beam were developed independently during the 1940s in Switzerland, Sweden and the United States of America [Leon and Viest 1998 ].
These theories were based on the assumptions of linear elastic material models and the Euler-Bernoulli hypothesis of plane sections. Perhaps the first but certainly the most quoted partial action theory was developed by Newmark et al. [Newmark et al. 1951] . The subsequent theories differ in one or more aspects regarding the additional assumptions and resulted in similar second-order differential equations. Up to now, a number of elastic theories with fewer simplifying assumptions and of greater sophistication have been developed. Several exact analytical solutions of simply supported, layered planar beams for different combinations of simple loading cases and simple boundary conditions have been presented in professional literature, e.g. [Girhammar and Gopu 1993 , Goodman and Popov 1968 , Goodman and Popov 1969 , Jasim 1997 , Jasim and Ali 1997 , Ranzi et al. 2003 ]. With the development of computational tools and computers over the last decades, these elastic theories have been refined to incorporate numerous aspects of non-linear geometric and material behaviour, as well as time dependent effects, fatigue and load reversals, e.g. [Ayoub 2001 ,Čas et al. 2004 b,Čas 2004 , Fabbrocino et al. 2002 , Faella et al. 2002 , Gatessco 1999 , Smith and Teng 2001 .
One of the basic assumptions of all the above mentioned exact analytical models with partial interaction theory of composite beams was the Euler-Bernoulli hypothesis of plane sections of each individual layer. It is well known that the classical Euler-Bernoulli theory of beam bending, also known as the elementary theory of bending, disregards the effects of the shear deformation. The theory is based on the assumption that the cross-section remains perpendicular to the deformed centroidal axis of the beam during bending. This assumption implies a zero shear strain and an infinite shear stiffness. In reality, no material exists that possesses such a property. Since the Euler-Bernoulli theory neglects the transverse shear deformation, its suitability for composite beams can be questioned. This is particularly true in circumstances where shear effects can be significant, as in thick and short composite beams, where flexural-to-shear rigidity ratio parameters are large and the span-to-depth ratio is small. Timoshenko [Timoshenko 1921 ] was the pioneering investigator to include refined effects such as the shear deformation in the beam theory. In the literature, this theory is now widely referred to as the Timoshenko beam theory. The effect of shear deformation in Timoshenko's theory is accounted for by an additional rotation angle of transverse cross-sections. Consequently, the distribution of the transverse shear deformation is assumed to be constant through the beam thickness. In the beginning of 1970s, Reissner [Reissner 1972 ] has introduced a similar shear distortion in his one-dimensional finite-strain beam model.
To improve the accuracy of the transverse stress prediction, non-classical higher-order shear-deformable iterative models have been proposed [Gorik 2003 , Matsunaga 2002 , Piskunov and Grinevitskii 2004 , Soldatos and Watson 1997 . According to these propositions, a zero-iteration model corresponds to the classical Euler-Bernoulli theory, while the above mentioned non-classical Timoshenko theory corresponds to the first-iteration model. Higher-order iteration models introduce further deformation modes such as cross-sectional bulging and warping, which are important in the modelling of thin-walled composites structures, employed in the aerospace industry. It is not the goal of the present paper to model the higher-order deformations. Only the first-iteration model will be considered and the Reissner one-dimensional finite-strain beam model used in the present analytical model. To the best of the authors' knowledge, there seems to exist no report on the exact analytical solution of the Timoshenko composite beams with the partial interaction between the layers. In the present paper, we aim to fill this gap, and present an exact analytical model of the composite beam, which takes into account the effect of the shear deformation. Then we make the parametric studies on the influence of shear deformation effects on the mechanical behaviour of composite beams with the partial interaction between the layers. This way we show, when the effect of the shear deformation in the individual layer can be neglected.
Analytical model

Assumptions
Our formulation of the planar Timoshenko two-layer composite beam model uses the following assumptions: (1) material is linear elastic; (2) displacements, strains and rotations are small; (3) shear deformations are taken into account (the 'Timoshenko beam'); (4) strains vary linearly over each layer (the 'Bernoulli hypothesis'); (5) the layers are continuously connected and slip modulus of the connection is constant; (6) friction between the layers is not considered; (7) the shapes of the cross-sections are symmetrical with respect to the plane of deformation and remain unchanged in the form and size during deformation.
Our further assumption (8) is that an interlayer tangential slip can occur at the interface between the layers but no delamination or the transverse separation between them is possible.
Governing system of equations
We consider an initially straight, planar, two-layer composite beam element of undeformed length L. Layers are marked by letters a and b (see Fig. 1 (i = 1, 2, . . . , 6) at its ends, respectively; see e.g. [Čas et al. 2004 ].
The deformed configurations of both layers are defined by vector-valued func-
where x * represents a material, undeformed coordinate of that point of layer b which, in the deformed state, gets in contact with the point of layer a with coordinate x (see Fig. 1 
Kinematic, equilibrium and constraining equations can now be considerably simplified. After considering the assumptions mentioned above, we can decompose the basic equations of the two-layer beam with an interlayer slip into two separate systems of differential and algebraic equations:
and 
where E The system of equations (2-7) consists of 21 equations for 21 unknown func-
∆, p t , p n , whereas Eqs. (8-10) constitute a system of three equations for three unknown functions x * , Q, M. In Eqs. (7), K denotes the slip modulus at the interlayer surface.
Solution algorithm
If the slip ∆ and normal traction p n between the layers is a known function of x, the solution of the system of Eqs. (2-7) can easily be obtained with the following sequence of steps.
In the first step, we differentiate Eqs. (6) and (3) twice with respect to x and insert Eqs. (2). The following differential equations for the interlayer slip and the pseudocurvatures are derived
The derivatives ε a , ε b , γ a and γ b are obtained from Eqs. (5), if differentiated with respect to x. Solving the differentiated Eqs.
C is the matrix of constitutive constants (see Eqs. (11)), and C −1 is its inverse:
Furthermore, we differentiate Eq. (13) twice with respect to x. By insertion of Eqs. (4) into Eq. (14), the second and third derivatives of strains are obtained by differentiation of Eq. (14) twice and three times with respect to x. Introducing (12) and differentiated Eq. (13), results in a coupled system of two higher-order linear differential equations with constant coefficients for the slip and the normal interlayer traction between layers a and b
Boundary conditions associated with Eqs. (16) 
for the composite structure. In Eq. (18), K T denotes the tangent stiffness matrix, u is the vector of end-point displacements , and g is the load vector. Once u is known, the values of the end forces can easily be computed. By integrating the Eqs. (2) and (4) and considering the Eqs. (3), (6) and (7) the solution for 
Parametric studies
This section presents parametric studies performed on a simply supported twolayer planar beam subjected to uniformly distributed load (see Fig. 2 Although it has been shown that the influence of shear effects on the interlayer tractions is negligible, it is apparent from the graphs in Fig. 7 , that the shear deformation has an important impact on the ratio of the interlayer tractions, especially for the two-layer beams with L/h ≤ 10, where the influence of shear effects is more than 29.0 %.
A parametric study has also been conducted to assess the effects of different Figs. 9 and 10 show that the contribution to the shear forces due to shear effects can be considerable, especially when the depth of one layer is very small compared to the depth of the other one and for small values of K. In Table 3 Table   3 and Fig. 11 , it is clear, that the proposed model needs to be employed even Particular emphasis is given to the vertical deflections at the mid-span of a simply supported two-layer planar beam subjected to the uniformly distributed load.
It is observed, that for a very thin bottom layer a (h
For this purpose, several parametric studies have been performed to investigate the influence of shear effects and various material and geometric parameters, such as flexural-to-shear rigidity ratios and span-to-depth ratios, on the mechanical behaviour of the layered Timoshenko beams.
Based on the results of this analytical study and the parametric evaluations undertaken, the following conclusions can be drawn:
1. The present mathematical model is general and relatively easy to comprehend.
2. The influence of the shear deformation on vertical deflections is increasing with decreasing L/h ratios and increasing K. In the case of a timber 
